Chap.4 Duct Acoustics

@® Industrial use

@ Efficiency

® Predictability

® Complexity

Ducts are able to efficiently transmit sound over large distances!
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Chap.4 Duct Acoustics

** Wave dynamics

1. Navier-Stokes equations
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@ Basic assumption for homogeneous linear formulation
« Waves are free of non-linear effects and propagate with speed of sound
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** Wave dynamics

2. Linearized Euler equatlons (2 D)
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 Dispersion relation (Relationship between frequency and wavenumber)

A =4 =(o-ku,—ky,)=0: Entropy and vorticity waves

A, =(0—ku, —kv,) —c* (k2 +k?)=0 :Acoustic waves
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w’ —c’k? =0| : Acoustic waves w/o mean flow >

C= M :phase velocity




Chap.4 Duct Acoustics

** Wave dynamics

3. Wave Equations

 Mass conservation « Momentum conservation
op' ou  op' ’ ’ ’
'0+,00—+uO P -0 v +u08u+18p =0
ot OX OX ot oX p, OX

« Assuming there is no mean flow: o _ap2 =0 ,in 3D: op —c’V?p' =0
ot ox ot’

« Assuming pressure is a function of density alone,

d d Y
p= po+(,0—,00)—p +(P—/,0X£/d{e+“° > p—poz(p—po)—p<:> p'=p'c?
dp 2dp dp

a /
—> —p— c’V? p' = (0| :Only works when there is no mean flow!
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Chap.4 Duct Acoustics

** Duct acoustic problems

e \entilation ducts

e Exhaust ducts

e Automotive silencers

« Shallow water channels and surface ducts in deep water
e  Turbofan engine ducts

“* How to Solve?
® Experiment

® Numerical simulation
O Analytlcal approach

Modelling to simple geometry (circular or rectangular ducts)

Appropriate assumptions (harmonic solution, no mean flow, linearization and so on..)
Dispersion relations

Mathematical functions

Boundary conditions
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Chap.4 Duct Acoustics

** Cylindrical duct

* Modelling to simple geometry: simple cylindrical duct with hard wall

r
N X

e Appropriate assumptions: assume harmonic separable solution

% 2 :
—p—C2V2 Pp=0 |, Cylindrical Laplacian: Vv*= g ; +19 (r 7 J+i2 d .
ot? ox: ror\ or) r* oo

\Qb

plx,r,0,t) = X(x)R(r)O(0)T'(t).
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e assuming harmonic separable solution,

XH + R!! + RI/,],, + (_)H 1 TII
X R r20 2T

o |f we substitute derivatives over functions into some independent variables,

/ "
6” ) T” - ) R

X_H = k2 _ _—y
X = _ 5 = —=m, T — “w

_n2

= R +rR + (@[ —k* ~m?[r*)R=0
Thus, general solution is implied as p = R(r)e'“™"

» From dispersion relation of acoustic waves, o -ck*=0
& =0 (K2 + 11,7 ) =0t =K, +k

r’R"+rR'+(r’u_?-m*)R=0
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* Final equation resembles Bessel function
r’R"+rR'+(r’u *-m*)R=0
r=ru,
FR"+7R +(r°-m)R=0

s [B(r) = J,(F)

e Neumann B.C. at the wall

A [n(as) =0

[Mode shapes of Bessel function]

r=a

e General solution of first derivative of Bessel function: A

To(@) =0 = [y =0
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Chap.4 Duct Acoustics

e General Solution of Duct acoustics

AmnT

= Jm i(kmnx+mb—wt)
p (— e

* From dispersion relation axial wavenumber become,

2 2 W
—> |k = w__(am“j Cp=k— :Axial phase speed

mn

Note the condition for propagation of an acoustic mode is that the wave number k,,,, must
be real. Otherwise the wave will decay exponentially and is known as an evanescent wave.
Therefore an {mn} mode propagates if

wa

— > Qunn. [> Cut-off frequency

C
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Chap.4 Duct Acoustics

* Modes and mode shape functions

In seeking a solution for the pressure field in a duct we obtained, not a single unique solution, but a
family of solutions. The general solution is a linear superposition of these ‘eigenfunction’ solutions:

The resultant acoustic pressure in the duct is the weighted sum of fixed pressure patterns across the
duct cross section. Each of which propagate axially along the duct at their characteristic axial phase
speeds.

Aeroacoustics 2019 -10 -



Aeroacoustics 2019

,_/-/ \\‘\_ /_.//:._ \
f_; | \ A

S e
\ VARAN AN

A / N /

,/'-’— < /// “‘\-.\\
..... . Vd - — \
/- W% VAT
1 (- + N A=\ éﬁ
\ F\ : /
\"-. I‘\ /
N SN e S
\_H\_ /,/' - et A -

 Example

Consider a duct with radius a=0.5m,
¢=340m/s, sound frequency=3000rpm.
Which modes will propagate?

The first roots of the derivative of the Bessel function

zeroll Joi x|l ST | HSTIE | Stz fat e | A5 (%)
1 3.8317 1.8412 3.0542 4.2012 5.3175 6.4156
2| 7.0156/| 5.3314 | 6.7061| 8.0152| 9.282410.51995
3(10.173 8.5363 9.9695 11.3459 12.6819 13.9872

3.3237 11.7060 13.1704 14.5858 15.9641 17.3128
16.4706 14.8636 16.3475 17.7887 19.1960 20.5755
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 As an illustration, the sound of frequency w in a rigid walled duct
of square cross-section with sides of length a is considered

p'(X, t) = f (Xl)g (Xz )h(X3 )eiwt

« With substitution for p' into the wave equation,
f!! g” h” a)2 )

_—______—_a

o 2

f g h c
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Chap.4 Duct Acoustics

Since a wall boundary condition is applied, function f is derived

f(x)= Alcos( A

j , for someinteger m

Similarly function g is derived

N7,

o) o

j , for someintegern

Finally, function h is derived to the propagation form

2 2
—j i 4] T
h(x;)= A,.e " +B,,e"m Kk = \/_02 -7 (m?+n?)

The axial phase speed, c,=w/k,, Is now a function of the mode number
and the propagation of a group of waves will cause them to disperse.
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Chap.4 Duct Acoustics

* The pressure perturbation in the (m,n) mode has the form

p’(X’ t) 3 COS( i j COS( 7%, j[Aﬂne‘ikmnxs + aneikmnxa }i‘iwt

a a

* When k... is real, the pressure perturbation equation represents that
waves are propagating down the x, axis with phase speed.

* When k... IS purely imaginary, i.e. exceeds the cut-off frequency,
the strength of mode varies exponentially with distance along the
pipe. Such disturbances are evanescent
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Chap.4 Duct Acoustics

* Modes shape functions of rectangular duct

p’(x, t) v COS( M7X, j COS( Nn7zX, j[Amneikmnxg n aneikmnx3 kia)t

a a

m=0,n=0 m=0,n=1 m=1n=1 m=1n=2

plane wave 1 [
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